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Studies on experimental realization of two-dimensional anyons in terms of quasiparticles have
been restricted, so far, to only anyons on the plane. It is known, however, that the geometry and
topology of space can have significant effects on quantum statistics for particles moving on it. Here,
we have undertaken the first step towards realizing the emerging fractional statistics for particles
restricted to move on the sphere, instead of on the plane. We show that such a model arises naturally
in the context of quantum impurity problems. In particular, we demonstrate a setup in which the
lowest-energy spectrum of two linear bosonic/fermionic molecules immersed in a quantum many-
particle environment can coincide with the anyonic spectrum on the sphere. This paves the way
towards experimental realization of anyons on the sphere using molecular impurities. Furthermore,
since a change in the alignment of the molecules corresponds to the exchange of the particles on
the sphere, such a realization reveals a novel type of exclusion principle for molecular impurities,
which could also be of use as a powerful technique to measure the statistics parameter. Finally,
our approach opens up a new numerical route to investigate the spectra of many anyons on the
sphere. Accordingly, we present the spectrum of two anyons on the sphere in the presence of a Dirac
monopole field.
The study of quasiparticles with fractional statistics,
called anyons, has been an active field of research in the
past decades. This field has gained a lot of attention, due
to the possible usage of these quasiparticles in quantum
computation [1–4]. In contrast to bosons and fermions,
anyons acquire a phase eipiα under the exchange of two
particles, where the statistical parameter α is not nec-
essarily an integer. The integer cases α = 0 and α = 1
represent bosons and fermions, respectively. For non-
integer α, the transformation law Ψ → eipiαΨ under the
exchange of two particles, can only be realized by allow-
ing the wave function Ψ to be multivalued. The idea is
that the multiple values keep book of the different possi-
ble ways the particles could “braid” around each other.
Due to the triviality of the braid group in 3 + 1 dimen-
sions, these particles are a purely low-dimensional phe-
nomenon.
Although anyons are predicted to be realized in cer-
tain fractional quantum Hall systems [5–12], they have
not yet been unambiguously detected in experiment. In-
deed there has been a recent upsurge in interest concern-
ing the realization of anyons as emergent quasiparticles
in experimentally feasible systems [13–18]. For instance,
it has been recently shown in Refs. [19, 20] how these
quasiparticles emerge from impurities in standard con-
densed matter systems. Nevertheless, all these works fo-
cus on the particles moving on the two-dimensional plane,
i.e., on R2. Since the theory of anyons and their statis-
tical behavior are strongly dependent on the geometry
and topology of the underlying space, investigations on
curved spaces reveal novel features of quantum statis-
tics [21–25]. In particular, theoretical discussions of the
fractional quantum Hall effect (FQHE) for systems hav-
ing various geometry and topology have widened our un-
derstanding of the FQHE [6, 26]. Interestingly, in a
different context, it was also argued that the black hole
event horizon modeled by a topological two-sphere with
punctures exhibits anyonic statistics [27].
In the present Letter, we explore the possibility of
emerging fractional statistics for particles restricted to
move on the sphere, S2, instead of on the plane. We
show that such quasiparticles naturally arise from a sys-
tem of impurities exchanging angular momentum with a
many-particle bath. As a prototypical example, we con-
sider two linear bosonic/fermionic molecules immersed
in a quantum many-particle environment. In the regime
of low energies, we identify the spectrum of this system
with that of two anyons. This does not only allow us to
realize anyons on the sphere, but also to open up vari-
ous numerical approaches to investigate the spectrum of
N anyons on the sphere. To illustrate this, we present
the spectrum of two anyons on the sphere in the pres-
ence of a Dirac monopole field, extending the recent re-
sult of Ref. [24, 25]. Furthermore, the anyonic behaviour
of linear molecules suggests that a novel type of exclu-
sion principle holds, which concerns the alignment of the
molecules, instead of the exchange of their actual posi-
tion.
We start by considering a system of N free anyons on
the two-sphere. The corresponding Hamiltonian is given
by the sum of the Laplacian of the jth particle on the
sphere: H0 = −
∑N
j=1∇2j . The free anyon Hamiltonian
acts on a multivalued wave function Ψ. By performing
a suitable singular gauge transformation, Ψ→ eiβΨ (see
Refs. [28–32]), one can get rid of the multivaluedness of
Ψ and the free anyon Hamiltonian on the sphere H0 be-
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2comes equivalent to
Hanyon = −
N∑
j=1
(∇j − iAj)2 , (1)
which now acts on single valued bosonic/fermionic
wave functions. Here anyons can be depicted as
bosons/fermions interacting with the magnetic gauge
field A, which explains that the calculation of the any-
onic spectra is very hard [33]. Note that A = ∇β is an
almost pure gauge, up to the singularities of β, where
the particles meet, and it can be found as the vari-
ational solution of the Chern-Simons (CS) Lagrangian
LS2 =
∑
k 6=j (A · q˙k +A0)−(4piα)−1
∫
S2 dΩ A∧dA, where
qk is the position of the nonrelativistic point particle cou-
pled to the CS field, A0 the time component of the gauge
field, and ∧ the wedge product. For anyons on the plane,
one can always find a single magnetic potential A as a
solution. However, due to the non trivial homology of S2,
the CS Lagrangian on the sphere can only be solved in
two different stereographic coordinate charts: north and
south patches, AN and AS . As the fields AN and AS
should be a single object in the overlap patch, we require
them to be gauge equivalent. This equivalence is given
by the Dirac quantization condition (N − 1)α ∈ Z, see
Refs. [30, 31] for the details.
In what follows, in order to simplify our expres-
sions significantly, we represent the stereographic coor-
dinates (x, y) as a complex number, z = x + iy. In
these coordinates, we define our singular gauge trans-
formation F = eiβ , with the exponent β(z1, .., zN ) =
−iα∑
j<k
log
(
zj−zk
|zj−zk|
)
. The corresponding connections
(gauge fields) can be written as Az¯j = iDz¯jβ =
−α(1+|zj |2)2
∑
k 6=j (z¯j − z¯k)−1 and Azj = iDzjβ =
α(1+|zj |2)
2
∑
k 6=j (zj − zk)−1, where we encode the contri-
bution from the metric on S2 in the following differential
operators: Dz¯ = (1 + |z|2)∂z¯ and Dz = (1 + |z|2)∂z; see
Ref. [34]. In the language of connections, F represents
the holonomy of A, and it is discontinuous along the lines
which connect the particles with the north (south) pole,
usually called the Dirac lines. Without loss of general-
ity, we consider the north pole, which corresponds to the
choice of z = cot(θ/2) exp(iϕ), with spherical coordinates
θ and ϕ. These lines represent the magnetic potential in
the singular gauge, by assigning the particle an additional
phase factor whenever it crosses them. The Dirac quanti-
zation condition makes sure that the Dirac lines are invis-
ible, in the sense that one cannot distinguish between the
theory where the lines run to the north pole and theories
where they run to any other point. This means that our
system is rotational invariant, up to gauge equivalences.
The anyon Hamiltonian in our complex stereographic
coordinate system can be written as
Hanyon = −
N∑
j=1
(
Dzj − z¯j −Azj
) (
Dz¯j −Az¯j
)
. (2)
Direct calculations to investigate the spectra of Hanyon
turn out to be problematic, when the spectrum is calcu-
lated from the bosonic end. This is due to the fact that
the matrix elements of AzjAz¯j for certain bosonic states
are singular, which is similar to the case of anyons on the
plane [20]. To overcome this difficulty we will use a dif-
ferent representation of the free anyon Hamiltonian, with
the help of a singular pseudo-gauge transformation (also
called holomorphic gauge). This transformation is given
by Ψ→ eα
∑
j<k log(zj−zk)Ψ. We call this gauge “pseudo”,
as the transformation is not unitary. The advantage of
this transformation is that one of the two corresponding
magnetic potentials A′z¯ = αDz¯ log(z) is zero, since log(z)
is a holomorphic function. Therefore, the Hamiltonian
simplifies to
H ′anyon = −
N∑
j=1
(
Dzj − z¯j −A′zj
)
Dz¯j , (3)
in this singular pseudo-gauge. The non-zero mag-
netic potential is given by A′zj = 2Azj . Note
that H ′anyon is a similarity transformation of Hanyon,
i.e., H ′anyon = e
α
∑
j<k log |zj−zk|Hanyone−α
∑
j<k log |zj−zk|,
therefore these two operators have the same eigenvalues.
The cost for the simplification in H ′anyon is that it is self-
adjoint in a weighted L2 space. As we discuss below,
while the first form of the anyon Hamiltonian (2) allows
us to realize anyons in natural quantum impurity setups,
the Hamiltonian (3) provides new numerical techniques
to calculate the spectra of anyons on the sphere within
the simplified impurity models.
We will now consider a general impurity problem Himp
of N bosonic/fermionic impurities on S2 interacting with
some Fock space F . Within the Bogoliubov-Fro¨hlich the-
ory [35–37], the impurity Hamiltonian is given by
Himp = −
N∑
j=1
(
Dzj − z¯j
)
Dz¯j +
∑
v
ωvb
†
vbv (4)
+
∑
v
λv(z1, .., zN )
(
e−iβv(z1,..,zN )b†v + e
iβv(z1,..,zN )bv
)
,
where b†v, bv are the bosonic creation and annihilation op-
erators in F , ωv is the energy of the corresponding mode
v, and the coefficients λv(z1, .., zN ) and βv(z1, .., zN ) de-
scribe the interaction of the impurities with the Fock
space, depending on their coordinates z1, .., zN . In the
limit of ωv → ∞ (the adiabatic limit), one can justify
that the lowest spectrum of Himp is described by the
Born-Oppenheimer (BO) approximation; see Ref [20] for
an analysis of this assumption. The projection of the
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FIG. 1. Numerical computations of the energy of two anyons
on the sphere in the presence of a Dirac monopole in terms
of the relative statistics parameter, i.e., α = 0 corresponds to
fermions and α = 1 to bosons. We set 2B = α and consider
spherical harmonics with the angular momentum up to lmax =
8 for the numerics. Compare Fig. 1 in Ref. [25].
Hamiltonian to the smaller Hilbert space manifests itself
as a minimal coupling of the otherwise free particles with
effective magnetic potentials Az1 , .., AzN and a scalar po-
tential Φ (see Supplemental Material). Therefore, it is
sufficient to understand how Himp acts on the vacuum
sector.
Accordingly, we first apply the transformation
S(z1, .., zN ) = e
−i∑v βvb†vbv to Eq. (4), and then
project the transformed Hamilton onto the coherent state
|φ(z1, .., zN )〉 = e−
1√
2
∑
v
λv
ωv
(b†v−bv) |0〉. The emerging
magnetic potential in complex coordinates is then given
by
Aimpzj = i
∑
v
(
λv
ωv
)2
Dzjβv ; (5)
see Ref [20] for the details concerning the deriva-
tion of the emerging gauge field in the analogous
planar case. Let us consider the specific choice
βv(z1, .., zN ) = −ipv
∑
j<k
log
(
zj−zk
|zj−zk|
)
, which results in
Aimpzj =
α(1+|zj |2)
2
∑
k 6=j (zj − zk)−1 with α(z1, .., zN ) =∑
v pv
(
λv
ωv
)2
. We thus see that Aimpz¯j is the sought CS
gauge field and obeys the Dirac quantization condition if
α(z1, .., zN ) is a constant and satisfies (N − 1)α ∈ Z.
In general, the impurity Hamiltonian (4) corresponds
to interacting anyons due the presence of the scalar
potential Φ. An impurity Hamiltonian whose lowest-
energy spectrum is governed by the anyon Hamiltonian
in the pseudo-gauge (3), on the other hand, describes free
anyons, as the scalar potential vanishes with Az¯ = 0. Al-
though such an impurity Hamiltonian is not Hermitian,
its non-Hermiticity is harmless for our purposes and, as
we discuss below, it also opens up new numerical ap-
proaches to calculate the spectra of anyons on the sphere.
Our numerical tools work for arbitrary many particles.
Nevertheless, we will here study only the two-anyon case,
since the computational effort strongly scales with the
number of particles. Furthermore, we investigate a con-
figuration where the impurities are subjected to a Dirac
monopole field B. This allows us to investigate the spec-
trum for all values of α, as the Dirac quantization con-
dition in the presence of a Dirac monopole field is given
by 2B− (N − 1)α ∈ Z [24, 25]. Accordingly, we consider
the following one of the simplest models possible
H ′imp = HB + ω
(
b†b+
α
p
)
(6)
+
√
α
p
ω
(
e−p log(z1−z2)b† + ep log(z1−z2)b
)
,
where the Hamiltonian HB = H0 +
∑2
j=1A
B
zjDz¯j gov-
erns the bosonic/fermionic particles interacting with the
Dirac monopole field B generated by the gauge field
ABzj = 2Bz¯j , p is an integer and we subtracted the vac-
uum energy, −ωα/p, of the pure Fock space part of the
Hamiltonian.
For a direct calculation, one could use, for in-
stance, the orthonormal basis |S(A);n〉, where |S(A)〉 =
|Yl1,m1 ⊗S(A) Yl2,m2〉 are the impurity basis with Yl,m be-
ing the spherical harmonics, ⊗S(A) the (anti-)symmetric
tensor product, and |n〉 the n-particle state in the
Fock space. Then, one could calculate the low-
est spectrum of H ′imp by diagonalizing the matrix
〈S(A);n|H ′imp |S′(A′);n′〉. Instead of this direct diago-
nalization technique, we first diagonalize the Fock space
part of the Hamiltonian with the displacement operator.
The anyon Hamiltonian (3) in the presence of a Dirac
monopole field, which emerges in the limit of ω →∞, is,
then, given by
H ′Banyon = HB +
α
p
(
ep log(z1−z2)H0e−p log(z1−z2) −H0
)
.
(7)
For details concerning the derivation, see Supplemental
Material. For an even integer p, the second term of the
right hand side can be written in terms of the composite
bosons (fermions) [20]. The equation can be further sim-
plified for the choice of p = 1. In this case Eq. (7) can be
written as the following matrix equation
EBanyon = Ebos + 2BWS + α
(
Z−1EferZ − Ebos
)
, (8)
where the elements of the matrices are given by
Ebos = 〈S|H0 |S′〉, Efer = 〈A|H0 |A′〉, WS =
〈S|∑2j=1 z¯jDz¯j |S′〉, and Z−1 = 〈S| z1 − z2 |A〉. As the
latter two terms are straightforward to calculate numer-
ically, and the matrix Z can be obtained by taking the
(pseudo)inverse of Z−1, Eq. (8) opens up a new powerful
route to calculate the anyonic spectrum. The spectrum
from the fermionic end in terms of the relative statistics
4parameter can be calculated with the replacement of the
basis |S(A)〉 → |A(S)〉 in Eq. (8).
As an example, we compute the eigenvalues for values
of α ranging from 0 to 1. For an easier comparison with
the result existing in Ref. [25], we calculate the spectrum
from the fermionic end and present the result in terms
of the relative statistics parameter such that α = 0 cor-
responds to fermions and α = 1 to bosons. The result
presented in Fig. 1 is consistent with the one shown in
Ref. [25], where the spectrum was calculated only for the
energy levels with unit total angular momentum.
Thus, the general form of the impurity Hamilto-
nian (4), whose lowest spectra show anyonic behavior in
the adiabatic limit, allow us to physically realize anyons
on the sphere in terms of quantum impurities. First of all,
the kinetic energy of the particles on the sphere, which
is given by the Laplacian − (Dz − z¯)Dz¯, can be realized
as the angular momentum operator L2. This enable us
to consider linear molecules as the impurities. Such a re-
alization exposes a novel correlation between molecules
when they are immersed in a bath. Specifically, the ex-
change of the particles on the sphere corresponds to a
change in the alignment of the molecules, but not the
exchange of the molecules themselves, see Fig. 2 (Top).
Therefore, the emerging statistical interaction manifests
itself in the alignment of molecules.
To illustrate this in a transparent way, we consider
again the simple impurity Hamiltonian (6), but in the
absence of the Dirac monopole field. We note that in this
case the Hamiltonian is still well-defined for the values of
α which do not satisfy the Dirac quantization condition.
The only difference for these values is that the theory is
no longer fully rotational invariant, but, instead, it is in-
variant under rotation around the z axis. In other words,
the Dirac lines are not invisible [38] and they puncture
the sphere. Accordingly, we investigate the alignment
〈(cos θ1 − cos θ2)2〉 as a function of the statistics param-
eter for two molecules. In Fig. 2 (Bottom) we present
the alignment for the ground state, which is obtained
from Eq. (8) for the case of B = 0. This could be of
a new use as an experimental measure of the statistics
parameter. Such a measurement can be performed, for
instance, within the technique of laser-induced molecular
alignment [39, 40]. Further discussion of the alignment of
molecules as a consequence of the statistical interaction
will be the subject of future work.
A physical realization of the interaction between the
molecules and a many-particle bath is also natural in the
context of quantum impurity problems. Indeed, it was
shown that the molecular impurities rotating in super-
fluid helium can be described within an impurity prob-
lem [41–43]. The resulting quasiparticle, which is called
the angulon, represents a quantum impurity exchang-
ing orbital angular momentum with a many-particle
bath, and serves as a reliable model for the rotation of
molecules in superfluids [44]. Therefore, we consider the
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FIG. 2. (Top) Realization of anyons on the sphere in terms
of linear molecules immersed in a quantum many-particle
environment. A change in the alignment of the molecules
(dumbbells), which is depicted by the white arrows, corre-
sponds to the exchange of the particles on the sphere (dots),
shown by the curvy black arrows. (Bottom) The align-
ment 〈(cos θ1 − cos θ2)2〉 as a function of the absolute statis-
tics parameter for the ground state. The curve follows the
bosonic state |Y0,0 ⊗S Y0,0〉 at α = 0 to the fermionic state
|Y1,0 ⊗A Y0,0〉 at α = 1. We consider spherical harmonics
with the angular momentum up to lmax = 8 for the numerics.
following angulon Hamiltonian [45, 46]
Hangulon =
2∑
j=1
L2j + V (q1, q2) +
∑
k,l,m
ωk,l,mb
†
k,l,mbk,l,m
(9)
+
∑
k,l,m
λk,l,m(q1, q2)
(
e−iβk,l,m(q1,q2)b†k,l,m + H.c.
)
,
where bˆ†k,l,m and bˆk,l,m are the bosonic creation and an-
nihilation operators written in the spherical basis [41],
qi = (θi, ϕi) is the angular coordinates representing the
molecular rotation of the i-th molecule, V is a confin-
ing potential, and H.c. stands for Hermitian conjugate.
Note that the coupling terms might depend on the inter-
molecular distance, as well. For small values of the ro-
tational constant, which corresponds to heavy molecules,
the BO approximation can be justified with a gapped dis-
persion ωk,l,m. Furthermore, following our previous rea-
soning and Eq. (5), if the impurity-bath coupling satisfies
the relation i
∑
k,l,m
(
λk,l,m
ωk,l,m
)2
Dzjβk,l,m = Azj , then the
5FIG. 3. The dependence of the statistical parameter α on
the relative angle θr. The computation is performed for the
concrete choice of model-parameters: cl = 12(l + 1)
−1, ωl =
13, M = 1, mMax = 6 and lMax = 50.
lowest-energy spectrum of the two linear molecules im-
mersed in the bath coincide with the spectrum of two
anyons on the sphere. In principle, such an interaction
is feasible with the state-of-art techniques in ultracold
atomic physics.
In order to present a simple and intuitive realization,
we first neglect the intermolecular distance. In this case,
the coupling is defined by λk,l,m(q1, q2)e
−iβk,l,m(q1,q2) =
ck,l
∑2
j=1 Yl,m(qj) with some constants ck,l. Further-
more, we consider a gapped dispersion ωk,l,m = ω˜k,l+Ωm
with m being the magnetic quantum number. Note
that
∑
k,l,m ωk,l,mb
†
k,l,mbk,l,m is not fully rotational in-
variant, hence the reference axis for the magnetic quan-
tum number m matters. In the model which we in-
vestigate, the reference axis is aligned in the direction
qcenter = (q1 + q2)/|q1 + q2| (see Supplemental Mate-
rial for details). Concerning the emergence of anyons
in the plane, an experimental realization of a dispersion
ωk,l,m = ω˜k,l + Ωm was proposed in Ref. [20] by cou-
pling Hangulon to an additional constant magnetic field
of strength and rotating the whole system at the cy-
clotron frequency Ω. Note that this magnetic field breaks
time reversal symmetry so that anyons can emerge on
the lowest-energy spectrum; cf. Ref. [20]. A priori, the
emerging statistics parameter α = α(θr) depends on the
relative angle θr between the points q1 and q2 (see Sup-
plemental Material for the derivation of the statistics pa-
rameter). However, with a careful choice of the model
parameters, α becomes approximately constant. The θr
dependence of α is demonstrated in Fig. 3 for a suitable
choice of parameters. In general, the statistics param-
eter does not satisfy the Dirac quantization condition.
Therefore, the molecular impurities correspond to anyons
interacting with the magnetic potential depicted by the
Dirac lines, with broken rotational symmetry.
Thus, we see that a system of two linear molecules ex-
changing angular momentum with a many-particle bath
can give rise to a system of quasiparticles with the cor-
rect anyonic transformation law. It would be interest-
ing to continue this approach and investigate, whether
one can generalize the results above e.g. to non-Abelian
Chern-Simons particles with the help of a higher order
Born-Oppenheimer approximation.
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Here we provide some further technical details for the Letter.
I. THE NEW ANYON HAMILTONIAN
We start by considering Eq. (6) in the Letter
H ′imp = HB + ω
(
b†b+
α
p
)
+
√
α
p
ω
(
e−p log(z1−z2)b† + ep log(z1−z2)b
)
. (1)
The Fock space part of the Hamiltonian can be diagonalized with the following displacement
operator
T = exp
[
−
√
α
p
(
e−p log(z1−z2)b† − ep log(z1−z2)b
)]
. (2)
The transformed Hamiltonian is written as
T−1H ′impT = T
−1HBT + ωb†b . (3)
In the limit of ω →∞ the vacuum sector decouples from the rest of the spectrum, and the lowest
energy levels are given by the anyon Hamiltonian in the pseudo gauge (see [20] for further details)
H ′Banyon = 〈0|T−1H ′impT |0〉 = 〈0|T−1HBT |0〉 =
∞∑
n=0
e−α/p
n!
(
α
p
)n
enp log(z1−z2)HBe−np log(z1−z2) ,
(4)
where we made use of the coherent state. After using the series expansion for e−α/p and the double
sum identity, Eq. (4) can be written as
H ′Banyon =
∞∑
n=0
1
n!
(
α
p
)n
Kn , with Kn =
n∑
j=0
(
n
j
)
(−1)n−jejp log(z1−z2)HBe−jp log(z1−z2) . (5)
As log (z1 − z2) is a holomorphic function, i.e., Dz¯ log(z) = 0, and HB = H0 +
∑2
j=1A
B
zjDz¯j ,
Kn = 0 for all n ≥ 2, the anyon Hamiltonian is further simplified to
H ′Banyon = HB +
α
p
(
ep log(z1−z2)H0e−p log(z1−z2) −H0
)
. (6)
∗ morris.brooks@ist.ac.at
† enderalp.yakaboylu@ist.ac.at
2II. EMERGING ANYONS FROM THE ANGULON HAMILTONIAN
Let us first consider the angulon Hamiltonian
Hangulon = −
2∑
j=1
(
Dzj − z¯j
)
Dz¯j +
∑
k,l,m
ωk,lb
†
k,l,mbk,l,m
+
2∑
j=1
∑
k,l,m
ck,l
(
Yl,m(θj , φj)b
†
k,l,m + Y
∗
l,m(θj , φj)bk,l,m
)
.
In the following, we want to derive the emerging magnetic fields as ω → ∞. Since the anyon
gauge field only depends on the relative position of the particles to each other, we start our
analysis by fixing the center of mass coordinate qcenter = (q1 + q2)/|q1 + q2|. In order to do so,
let T = T (qcenter) be a rotation which maps the qcenter into the south pole and TF = TF (qcenter)
its promotion to a rotation on the whole Fock space. Furthermore, let (θ, φ) be the spherical
coordinates of the rotated point q¯1 = T (qcenter) q1. The transformed Hamilton operator H
′
angulon =
TFHangulonT−1F then reads
H ′angulon =−
2∑
j=1
(
Dzj − z¯j − TFDzjT−1F
) (
Dz¯j − TFDz¯jT−1F
)
+
∑
k,l,m
ωk,lb
†
k,l,mbk,l,m +
∑
k,l,m
λk,l,m
(
eimφb†k,l,m + e
−imφbk,l,m
)
,
with λk,l,m(θ) = ck,l (Yl,m(θ, 0) + Yl,m(θ, pi)). We define the function β(q1, q2) = φ as the polar
angle of the rotated point q¯1 = T (qcenter)q1, which is indeed dependent on q1, q2. In the following,
we want to think of TFDzjT
−1
F as a non-singular error term. To achieve this we have to confine
the particles q1, q2 to a subregion O ⊂ S2 of the sphere, since qcenter = qcenter(q1, q2) is singular
for q1 = −q2. A suitable choice would be an open set O with O¯ ⊂ {q = (x, y, z) ∈ S2 : z < 0}.
As a consequence, the map (q1, q2) 7→ T−1(qcenter) is a smooth SO(3) valued map, and therefore
the complex derivative TDz¯jT
−1 is a smooth C ⊗ so(3) valued map. With this at hand, we can
write its Fock space promotion as TFDz¯jT
−1
F = fj Λνj + igj Ληj , where the Λνj ,Ληj are the
angular momentum operators oriented along the q1, q2 dependent unit vectors νj = νj(q1, q2) ∈ S2,
ηj = ηj(q1, q2) ∈ S2 and fj , gj are smooth functions of q1, q2.
Similar to the planar case, we observe that the emerging theory for Hangulon in its initial sym-
metric form leads to anyons with the statistical parameter α = 0, i.e. non interacting bosons, since
symmetry breaking is required. A more interesting theory emerges from the modified Hamilton
3operator
H ′angulon,Ω =−
2∑
j=1
(
Dzj − z¯j − TFDzjT−1F
) (
Dz¯j − TFDz¯jT−1F
)
+ Ω2V (q1, q2)
+
∑
k,l,m
(ωk,l + Ω m) b
†
k,l,mbk,l,m +
∑
k,l,m
λk,l,m
(
eimφb†k,l,m + e
−imφbk,l,m
)
,
where V is a confining potential. Note that H ′angulon,Ω is written in the TF transformed picture.
This means, that in the original picture the magnetic quantum numberm is oriented in the direction
qcenter. For anyons in the plane, a realization of H
′
angulon,Ω can be achieved by coupling Hangulon to
an additional constant magnetic field and rotating the whole system at the cyclotron frequency Ω.
We now define Hemerg = 〈Ψ|H ′angulon,Ω|Ψ〉 as the 0-th order Born-Oppenheimer approximation,
where Ψ is the vacuum sector corresponding to H ′angulon,Ω. Note that we can write Ψ = SΨ0, with
S = ei
∑
k,l,mmφ b
†
k,l,mbk,l,m ,
Ψ0 = e
− 1√
2
∑
k,l,m
λk,l,m
ωk,l+Ωm
(
b†k,l,m− bk,l,m
)
|0〉 .
Let us abbreviate the operatorXzj = −i
∑
k,l,mm
(
Dzjφ
)
b†k,l,mbk,l,m+STFDzjT
−1
F S
−1. A straight-
forward computation exhibits
SH ′angulon,ΩS
−1 = −
2∑
j=1
(
Dzj − z¯j −Xzj
) (
Dz¯j −Xz¯j
)
+ Ω2V
+
∑
k,l,m
(ωk,l + Ω m)
(
b†k,l,m +
λk,l,m
ωk,l + Ωm
)(
bk,l,m +
λk,l,m
ωk,l + Ωm
)
−
∑
k,l,m
λ2k,l,m
ωk,l + Ωm
.
It is an important observation that
λk,l,m
ωk,l+Ωm
∈ R. As a consequence, we obtain 〈Ψ0|Dzj |Ψ0〉 = 0.
With this at hand, we can express the 0-th order Born-Oppenheimer approximation as
Hemerg = 〈Ψ0|SH ′angulon,ΩS−1|Ψ0〉 = −
n∑
j=1
(
Dzj − z¯j − A˜zj
)(
Dz¯j − A˜z¯j
)
+ Φ
−
n∑
j=1
(
δzjDz¯j + δz¯jDzj
)
,
where Φ is a scalar potential, δzj an error contribution which can be neglected in the limit Ω→∞
(see below) and where the emerging gauge field A˜z¯j is given by
A˜z¯j = α(θ) Dz¯jφ ,
with α(θ) =
∑
k,l,mm
(
λk,l,m(θ)
wk,l+Ω m
)2
. We can explicitly write down the additional emerging quanti-
4ties Φ and δzj as
δz¯j = 〈Ψ|TFDz¯jT−1F |Ψ〉 = fj 〈Ψ|Λνj |Ψ〉+ igj 〈Ψ|Ληj |Ψ〉 ,
Φ =
2∑
j=1
(
A˜zj A˜z¯j −Dzj A˜z¯j + 〈Ψ0|XzjDz¯j +DzjXz¯j −DzjDz¯j −XzjXz¯j |Ψ0〉
)
−
∑
k,l,m
λ2k,l,m
ωk,l + Ωm
+ Ω2V .
In order to neglect the error contribution δz¯j , it is an important observation that δz¯j , in contrast
to A˜z¯j , is a non-singular quantity. In the limit Ω→∞, we expect Dz¯j to scale like Ω and therefore
the kinetic energy scales like Ω2 while δzjDz¯j + δz¯jDzj only scales like Ω. Therefore, we are going
to neglect the error contribution (compare Ref. [20]).
Note that the statistics parameter α is a priori a θ-dependent function
α(θ) =
∑
k,l,m
m
(
λk,l,m(θ)
wk,l + Ω m
)2
=
∑
k,l,m
m
(
ck,l(2pi)
− 1
2Nl,m (1 + (−1)m)Pl,m(cos(θ))
wk,l + Ω m
)2
.
However, by choosing the interaction coefficients carefully, it is possible to make α approximately
constant. This is demonstrated in Fig. 3 in the Letter, where we omit the k dependence, since l,m
are the essential indices. For constant α, the emerging magnetic field αA˜z¯j is almost pure gauge,
up to the singularities of A˜z¯j . In case that α satisfies the Dirac quantization condition αA˜z¯j is even
gauge equivalent to the usual anyon field αAz¯j . One can verify this, by passing to the singular
gauge via the transformation eiαφ, which has no line of discontinuity as long as α ∈ Z and the right
behavior under the exchange of z1 with z2.
We have seen that in the limit Ω → ∞ the 0-th order Born-Oppenheimer approximation of
the Hamiltonian H ′angulon,Ω corresponds to anyons coupled to a scalar potential Φ, at least if the
parameters are chosen suitable as in Fig. 3 in the Letter. Note that for large Ω, the additional
confining potential Ω2 V also justifies our assumption that the particles are confined to one of the
half spheres.
